On syzygies of Segre embeddings 



Elena Rubei 



Abstract 



We study the syzygies of the ideals of the Segre embeddings. Let d £ N, c? > 3; we prove 
that the hne bundle 0(1, 1) on the x .... x {d copies) satisfies Property Np of Green- 
Lazarsfeld if and only if p < 3. Besides we prove that if we have a projective variety not 
satisfying Property Np for some p, then the product of it with any other projective variety does 
not satisfy Property Np. From this we deduce also other corollaries about syzygies of Segre 
embeddings. 



1 Introduction 

Let M be a very ample line bundle on a smooth complex projective variety Y and let (pM ■ Y ^ 
F{H^{Y, M)*) be the map associated to M. We recall the definition of Property Np of Green- 
Lazarsfeld, studied for the first time by Green in [ Grl-2| ] (see also G-L ], | Gr3| ] ) : 



let Y be a smooth complex projective variety and let L be a very ample line bundle on Y defining an 
embedding : Y ^ P = P{H^{Y, L)*); set S = S{L) = Sym*H^{L), the homogeneous coordinate 
ring of the projective space P, and consider the graded S -module G = G{L) = ©„i?'^(y, L"); let 

— > En — > En-i — > ... — > Eq — > G — > 

be a minimal graded free resolution of G; the line bundle L satisfies Property Np (p & ^) if and 
only if 

Eo = S 

Ei = ®S{-i - 1) forl<i<p. 
(Thus L satisfies Property Nq if and only if 1" C P{H^{L)*) is projectively normal, i.e. L is normally 
generated; L satisfies Property A'^i if and only if L satisfies Property Nq and the homogeneous ideal 
I of y C P{H^{L)*) is generated by quadrics; L satisfies Property N2 if and only if L satisfies 
Property A'^i and the module of syzygies among quadratic generators Qj € / is spanned by relations 
of the form J2 LiQi = 0, where Lj are linear polynomials; and so on.) 

Now let L = Op"i x...xP"d (ai, Orf), where d, ai, a^, ni, are positive integers. The known 
results on the syzygies in this case are the following: 
Case (i = 1, i.e. the case of the Veronese embedding: 



Theorem 1 (Greexi) [Grl-i.]. Let a be a positive integer. The line bundle 0-pn[a) satisfies Prop- 
erty Na- 
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Theorem 2 ('Ottaviani-Paolettij lO-Fj. If n > 2, a > 3 and the bundle C'pn(a) satisfies Prop- 
erty Np, then p < 3a — 3. 



Theorem 3 fJosefiak-Pragacz- Weymanj HJ-P- ^ /• The bundle Opn(2) satisfies Property 



'p 



if and only if p < 5 when n > 3 and for all p when n = 2. 



(See Ip-P for a more complete bibUography.) 



Case d = 2: 



Theorem 4 ('Gallego-Purnapranjaj \G-Jr /. Leta,b > 2. The line bundle Opixpi(a, &) satisfies 
Property Np if and only if p <2a + 2b — 3. 



Theorem 5 (Xascoux-Pragacz- Weymannj f^a^, |P- Vt\] . Let ni,n2 > 2. The line bundle 
(1, 1) satisfies Property Np if and only if p < 3. 

Here we consider 0(1, 1) on P^ x ... x P^ (d times, for any d). We prove (Section 2): 

Theorem 6 . The line bundle 0(1, 1) on P^ x ... x P^ (d times) satisfies Property N^ for any 
d. 

Besides we prove (Section 3): 

Proposition 7 . Let X and Y be two projective varieties and let L be a line bundle on X and M a 
line bundle on Y . Let irx : X xY ^ X and Try : X xY ^ Y be the canonical projections. Suppose 
L and M satisfy Property Ni. Let p > 2. If L does not satisfy Property Np, then Tr^LCSvTyM does 
not satisfy Property Np, either. 

Corollary 8 . Let ai,...,Orf be positive integers with oi < 02 < ... < a^. Suppose k = max{i\ai = 
!}• If k > 3 the line bundle Opnix...xF"d{ai, ...,ad) does not satisfy Property N4 and if d — k > 2 
it does not satisfy Property N2ak+i+2ak+2-2- 

In particular, from Corollary |^ and Theorem ^, we have: 

Corollary 9 . Let d > 3. The line bundle Opi x...xpi (1; •••) 1) (d times) satisfies Property Np if 
and only if p < 3. 

2 Proof of Theorem ^ 

First we have to recall some facts on toric ideals from 

Let /c G N. Let A = {ai,...,an} be a subset of Z^. The toric ideal Ia is defined as the ideal in 
C[xi, ...,Xn] generated as vector space by the binomials 

•^1 — "^n -^1 — ''n 
for (Ui, ...,li„), {Vi, ..,Vn) G N", with Ei=l,...,n ^i^j = Ei=i,...,n^jaj- 

We have that Ta is homogeneous if and only if 3 w G Q'^ s.t. a; • Oj = 1 Vi = 1, ...,n; the rings 
C[xi, ...,Xn] and C[xi, ...,Xn]/TA are multigraded by NA via degXj = Oj; the element x^^...x'^" has 
multidegree b = J2i ''J'iO'i € and degree J2i Ui = b ■ co; we define deg b = b ■ to. 
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Theorem 12.12 p. 120 in Q studies the syzygies of the ideal Xa', for each b € NA, let A;, be the 
simpUcial complex on the set {1, ..,n} defined as follows: 

Afe = {Fc{l,..,n}:6-^aiGNA} 
(thus, by identifying {1, ...,n} with A, we have: 

= UfcgN,a,-^,....,ajj.gA,aij+...+ai^=6 < Oii ; ••••jOifc >) 

where < Ui^, Ui^. > is the simplex generated by Oj^ Oj^,): 



Theorem 10 ("Campillo-Pison-Sturmfels; liC-F\l ,^J (Thm. 12.12). Let A = {ai,...,an} he a 

subset of Z*^ and Xa be the associated toric ideal. Let En ^ ... ^ Ei ^ Eq ^ G ^ {) be a 
minimal free resolution of G = C[xi, on C[j;i, x„]. Each of the generators of Ej has 
a unique multidegree. The number of the generators of multidegree b E ISiA of -Ej+i equals the rank 
of the j-th reduced homology group Hj(Ah, C) of the simplicial complex Af,. 



Notation 11 . If a is a chain in a topological space, sp{a) will denote the support of a, i.e. the 
union of the supports of the simplexes ai s.t. a = J2iCiO'i, Ci G Z. If X is a simplicial complex, 
sk'^{X) will denote the i-skeleton of X. 

Proof of Theorem If we take A = Ad = {(1, ei, ed)\ei € {0, 1}}, we have that Xa^ is the ideal 
of the Segre embedding of x ... x (d times), i.e. the ideal of the embedding of P^ x ... x P^ 
(d times) by the line bundle 0(1, .., 1). In this case m = ujd = (1,0, ...,0) (0 repeated d times) and 
n = 2^. 

Let b G ^Ad] we have that deg6 = (= b ■ uj) = k if and only if b is the sum of k (not necessarily 
distinct) elements of Ad. By identifying the set {1,...,2'^} with Ad, we have that, if A; = deg6, 
Afe = ^Ja^^,....,a,^(^Ad,a^^+...+a,^=b < ai^,....,ai^ >] we Say that < aj^, Oj^^ > is a degenerate k- 
simplex if 3 Z, m G {1, k} with / ^ m s.t. = a^^; thus A^ is equal to the union of the (possibly 
degenerate) /c-simplexes S with vertices in Ad such that the sum of the vertices (with multiplicities) 
of S is b. 

By Theorem in order to prove that Opix...xpi(li 1) {d times) satisfies we have to 
prove that iJi(Afe) = for each b G with degb > 4. Analogously in order to prove that 

Opix,,,xpi(l) ••) 1) (d times) satisfies N^, we have to prove that H2{Ah) = for each b G NA^ with 
deg6 > 5. 

The proof is by induction on d. Observe that any b' G Nj4c;+i with deg b' = k is equal to for 

some b G with deg b = k and for some e G {0, 1, ...,k}. Then, in order to prove N2 we suppose 
(by induction) that Hi{Ah) = V6 G NAd with deg 6 = k, k > i and we show that Fi(A /a ) = 



for e G {0, k} and in order to prove we suppose (by induction) that H2{Af,) = V5 G NA^ 
with deg 6 = k, k > 5, and we show that Il2{A^\^ ) = for e G {0, k}. 

Observe that, if e G {0, k} {k := deg 6), then obviously A /a and Af, are isomorphic; besides A 



■0 

is isomorphic to A /a (the isomorphism is given by substituting with 1 and 1 with in the last 



k ~ E 



coordinate). Thus we may consider only the cases e G {1, [|]}. 
First we need some preliminary notation and lemmas. 
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Notation 12 Let S =< ai,....,ak > be a (possibly degenerate) k-simplex, ai € A^- Let e G 
{0, A;}. We denote 



'-'e ^(xiviXfe) s.t. XjG{0,l} for j=l,...,k and exactly e of Xi,---,Xk ire equal to 1 ^ 



ak 



Xi \Xk 



< 



Example 13 Let S =< ai, 02, 03, 04 > is a (possibly degenerate) tetrahedron, G A^. The set 5'( 
is the union of the four (possibly degenerate) tetrahedrons < {^i^ > ' ('o') ' ('o') ^' 

"0) . (" j . (°o) . (0) >. < Co') . (0) ■ (?) . (0) >. < (;■) . (°oj ■ (oj . (1*) >■ ™" s: 

can be obtained from S by ^'constructing a tetrahedron on everyone of the four faces of S " and 
considering the union of these four tetrahedrons. The set S2 is the union of the following six 
(possibly degenerate) tetrahedrons: 



< 



< 



a2\ aa 

a2\ ( as 
/' I 



04 \ , / ai 



1 

Then S'2 can be obtained from S by "constructing a tetrahedron on everyone of the six edges of S" 
and considering the union of these six tetrahedrons (see Fig. 1, representing S'^ in the case S is 
not degenerate). 



a2\ a:) 
j' I 1 



04 \ , / "1 



a2\ I as 

1 r\i 



>, < 



ai\ a2 



>, 



>. 





HGURE 1 




NOTE TO FIG. 1. In the representation of S2, for the sake of simplicity, we do not represent the tetrahedrons 



< 



a2 \ / as 

1 /' u 



-)><.„.<(»■), («).(«),(-i>. 



Let b G NA(i with deg6 = k and e € {0, ...,k}. Obviously 

^fb\ ~ ^S=<ai,...,ai^> with ai+...+ai^=b S^. 



Notation 14 Let b G N^^ with degb = k. For I e N, < I < k - I, let 

-^'(^b) = Uai,...,afc6Arf s.t. oi+....+Ofc=6 ^io,...,iie{l,.-,k} < o") ' "■' ( ) ^ ' 

Observe that F'(Ab) ^ ^J^6j iSk-£>l + l. 

The idea of the proof is to consider a Z-cycle (for Z = 1, 2) in A^^^-^ and to show that it is homologous 
to a Z-cycle in F\Ah) and then to show that it is homologous to by using that i?/(Ab) = 0. 



Remark 15 Let S =< ai, ...,ak >, en G Ad- If k > 4 and 1 < e < k — 2, the set S'^ contains the 
cone with vertex ^"'^ on the border of < ^"q^^ i (^0^ ^ (^0^ ^ •^'^'^ ^1)^2,^3,^ G {Ij---)^} ujith 
I ij for j = 1, 2, 3. This is true in particular if k > A and e € {1, [§]}• 

If k > 5 and 1 < e < k — 3, the set S"^ contains the cone with vertex ( °M on the border of 



^ (^'^oy''"' yoj ^ ^'^^ ™^ ii,....,i4,/ € {l,...,k} with I ^ ij for j = 1,2,3,4. This is true in 
particular if k > 5 and e G {1, [^]}. 

Definition 16 For any c € with degc = s and e € {1, s}, we define Rc^e the following set: 

Uoi,...,a^GAd s.t. ai+. ..+as=c ^ii,...,is-i&{l,---,s}>H¥=ijn < f 1^ ' ""' i 1 ^ ' f o'^ ' '"' { ^ ^ ' 

' " we 

are in one of the following cases: a) i = 0, s > 3, e & {1, [^^]} b) i = 1, s > 4, e ^ {I, [^^-'-]} 



Lemma 17 Let c G N^d^ with deg c = s. We have that Hi(A/ ^ \ ) = implies Hi{Rc^e) = i/ 



Proof. Observe that C ^ y Since Hi{/\ ( ^ = 0, we have Fi(sA;*+^(A/ ^ )) = 0. 



Obviously sk'+'^iRc,s) ^ sfc*+^(A / x )• We want to show Hi{sk'+^{Rc^s)) = 0. Let /? be a i-cycle 



in s/c*"'"^(i?c,e)- Since Hi{sk^^^{A/ ^ \ )) = 0, there exists a (z + l)-chain rj in sA;*+-'^(A/ ^ \ ) s.t. 
f?r/ = p. Suppose sp{rj) = UjFj, where Fj are (i + l)-simplexes in sA;*+^(A/ ^ \ ); consider now a 



+ l)-chain ip in sA;*"^-^(i2c,£) whose support is ^jFj, where Fj = Fj if Fj C sk^~^^{Rc^s) and -Pj is 
a cone on the border of Fj if ^ sk'^'^^ {Rc^e) , in such way that dtp = (3 (observe that in our cases 
such cones exist, in fact: i?c,£ is the union of the (possibly degenerate) (s — l)-simplexes "obtained 
from the (possibly degenerate) s-simplexes of A / ^ n by taking off a vertex whose last coordinate 



1 e - 1 J 

is 0" ; in the case i = one can check that the 1-simplexes whose vertices have the last coordinates 
equal to 1, 1 or to 1, are contained in Rc,ei while for a 1-simplex F whose vertices have the last 
coordinates equal to 0, 0, there exists a cone, F, on the border of F with F C Rc^^, since s > 3; 
analogously the case b)). Thus we proved Hi{sk'+^ {Rc,e)) = 0. Thus H^{Rc,e) = 0. 



Q.e.d. in Lemma \lj 
PROOF THAT Opix...xpi(l, 1) SATISFIES PROPERTY N2. 

Lemma 18 Let b G N^^, deg6 = k, k > 4 and e G {1,...,[|]}. Every 1— cycle 7 in A /a is 
homologous to a 1— cycle in F^{Aj,) (which is C A /a since k — e > 2). 



Proof. Obviously we can suppose 5^(7) C sk^{A^\^ ). The proof is by induction on the cardinality 
of (5^(7) n sk^{A /A )) — F^(Ab), i.e. we will prove that 7 is homotopically equivalent a 1-cycle 7 



s.t. H((sp(7) n sk^iA^-^ )) - F\A,)) < H((.p(7) n sk%A^-^ )) - ^^(A,)). 
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Let n G (sp(7)nsA;0(A/A))-Fi(A,), {a G A^). Let < , Pi > U < T , P2 > ^ 5^(7), with 



Pj G sA;'^(A/A ) for j = 1,2. Precisely let 7 = ui + o"2 + where cJi and (T2 are two simplexes 



ai : [0,1] ^ < (^';j,Pi > and ^2 : [0,1] ^ < (^"j,P2 > s.t. ai{0) = Pi, ,Ji(l) = [Ij = ,72(0), 
fT2(l) = P2. 

Let a be the 1-cycle —ai — (T2 + cr'i + , where a[ and (T2 are two simplexes a'l : [0, 1] — > < , Pi > 

and a'^ : [0,1] ^ < Q,P2 > s.t. ^7^(0) = Pi, a[{l) = Q = a^(0), a^(l) = P2. 

The support of a is the union of the two cones with vertices and on {Pi, P2}. 

We state that Pj G Rb-a,e foi' ^ = 1, 2. In fact, < Pj, > C A^^^^y then Pj G A^j^ _ we recall 

that Rb-a,e is 

Uai,...,Qj._igA<j s.t. ai+...+cn:_i=6-a Ujj^,,,^jj._2g{i^...^fc_l}^j,^j^ < ^ ^ , ^ , . . . , ^ ^ >, 

i.e. Rb-a,£ is the union of the (possibly degenerate) {k — 2)-simplexes "obtained from the (possibly 
degenerate) [k — l)-simplexes of A a _ \ by taking off a vertex whose last coordinate is 0"; then, if 

the last coordinate of Pj is 1, we may conclude at once that Pj G Rh-a,e\ also if the last coordinate of 
Pj is 0, we may conclude that Pj G Rb-a,e, because the number of the vertices whose last coordinate 
is in a (possibly degenerate) (A; — l)-simplex of A a _ \ is — 1 — (e — 1) > 2. 



Thus sp{a) C C, where C is the union of the two cones < \^^j,Rb-a,e > aiid < yQjjRb-a,e >■ 
Observe that CCA, 



We want to show that Hi{C) = 0: by Theorem IC, since Opix...xpi(l7 •••) 1) (d times) satisfies 
Property A''i Vd, we have Ho{Ag) = G with degg > 3, Vd (this can be easily proved 

directly without using that C'pix...xpi(li •••) 1) satisfies Property A''i); then Hq{A^_^\^) = 0; thus 

Ho{Rb-a,s) = by Lemma 0; we have H^{C) = Hi_i{Rb-a,e)] thus Hi{C) = Ho{Rb-a,e) = 0. 
Thus we have that a is homologous to 0. 

Thus 7 is homologous to 7 + a; obviously 7 + a (and then 7) is homologous to a 1-cycle 7 whose 
support can be obtained from 8^(7) by substituting the cone with vertex ( "| on {Pi, P2} with the 



cone with vertex [1] on{Pi,P2}. Then ft ((5^(7) nsfeO(A^^N^ )) -pi(Ab)) < ]\{{sp{'y)n sk^{A ^■^ )) ■ 



P^(Af,)); thus we conclude. Q.e.d. in Lemma [7^ 

In order to prove that Opi x...xpi (1) ••) 1) {d times) satisfies N2 for any d, we suppose (by induction) 
that Hi{Ab) = V6 G NAa withdeg6 = k, k > 4 and we show that ii'i(A an ) = for e G {1,..., [|]}. 



Cases e < k — 3. We know that every 1-cycle 7 in ^^b^ homologous to a 1— cycle in P"'^(A;,) by 
Lemma ^ Thus, since P^(Ab) C ^^6^ Hi{F'^ (Ab)) = (because, by induction hypothesis, 
P'i(A;,) = 0), we have that -H'i(A^^^^ ) = 0. 
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Cases £ > A; — 3. These cases are slightly more difficult. By Lemma 18 every 1-cycle 7 in A /a is 



homologous to a 1-cycle 7' in F^(Ah). But in these cases we have not the inclusion F^(Afe) C A /a , 



thus we have to conclude the proof in another way. 
Since ifi(F^(Afe)) = 0, there exists a 2-chain /i in F^(Afe) s.t. dji = 7'. Let sp{fj,) = UjFj, Fi 
triangles in F^(A;,). Consider a 2-chain in A /a whose support is UjFj, where Fi is a cone 

W 

C A /A on the border of Fi (there exists by Remark |l^, in such way that dil^ = 7'; thus [7'] = 



in Hi{A^^^ ), thus [7] = in Hi{A^^ ). Thus Hi{A^^) = 0. 

PROOF THAT Opix...xpi(l, 1) SATISFIES PROPERTY N3 



Lemma 19 Let b € NA^ with degb = k and e G {1, [|]}. If k > 5, every 2-cycle ji in 
homologous to a 2-cycle in ^^(Aft) (which is C since k — e > 3). 

Proof. Obviously we can suppose that sp{fi) C sk'^{A ^\^ ). The proof is by induction on the 
cardinality of (sp(/i) H sk^{A ^\^)) — F^(Afe), i.e. we will prove that fj, is homotopically equivalent 
to a 2-cycle fx s.t. n sk'^iA^^ )) - F^A,)) < n sk'^iA^^ )) - ^^(A,)). 

Let Q G {sp{fi)nsk^{A^y) -F^{Ab), (a G A^). Let < Q,A,^'2 > U < ^,^2,^3 > 

U U < (fj,Pr-i,Pr > U < (fj,Pr,Pi > C spifi), with G sA;0(A^,y. 

Let Q be a 2-cycle whose support is the union of the two cones with vertices and on the 
polygon with vertices Pi, ...,Pr; choose a in such way that /i + o is homologous to a 2-cycle fi whose 
support can be obtained from sp{fi) by substituting the cone with vertex ( " J on the polygon with 



vertices Pi,...,Pr with the cone with vertex [^^j on the polygon with vertices Pi,...,Pr. 
We state that < Pi, Pj+i > C Rh^a,e for ^ = 1; •••) — 1 and < P^, Pi > Q Rh-a,e- In fact: 



< Pi, Pi+i, y^j > ^ A /A , then < Pi, P^+i > C A a \ ; since Rb-a,e is the union of the (possibly 



degenerate) (/c — 2)-simplexes "obtained from the (possibly degenerate) (/c — l)-simplexes of A a _ \ 

by taking off a vertex whose last coordinate is 0" and since the number of the vertices whose last 
coordinate is in a (possibly degenerate) {k — l)-simplex of A a _ \ is A; — 1 — (e — 1) > 3, we have 

< > C Ri)^a,e (obviously in a completely analogous way we have < Pr,Pi> Rh~a,e)- 



Thus sp{a) C C, where C is the union of the two cones < y^Y^b~a,e > and < ^Qj,i?fc_a,£ >. 
Observe that C C A ^^^^y 
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We want to show that H2{C) = 0: we have aheady proved that Opix...xpi(l) ••) 1) satisfies Property 
N2 i.e. Hi{Ag) = Vfir with degg > 4; thus Hi{Af^_x) = 0; then Hi{Rb^a,s) = by Lemma 



we have H,iC) = thus H2{C) = Fi(i?5-a,e) = 0. 

Thus we have that a is homologous to 0. 

Thus fi is homologous to fi + a; the cycle fi + a (and then fi) is homologous to a 2-cycle /i whose 
support can be obtained from sp{fi) by substituting the cone with vertex on the polygon with 

vertices Pi,...,Pr with the cone with vertex on the polygon with vertices Pi,...,Pr- Then 

tt((sp(/i) ns/c°(AAN^)) -F2(Ab)) < Jj((sp(/i) nsfc°(A^^N^)) - F2(Afc)); thus we conclude. Q.e.d. in 

V 

Lemma \lyi 



■0 



In order to prove that Opix...xpi(l) ••) 1) {d times) satisfies N3 for any d, we suppose (by induction) 
that H2{Ab) = V6 G NA^ with degb = k, k > 5 and we show that i?2(A /A ) = for e G {1, [|]}. 



Cases e <k — A. We have that every 2-cycle /i in ^ ^ homologous to a 2-cycle fx in F (A^) 

by Lemma Since H2{F^{A},)) = (because, by induction hypothesis, ff2(Ab) = 0), we have 
that [jl] = in H2{F'^{Ab)) = 0. Since in these cases F^(Afe) C A ^^^n^ , we may conclude that 

M = m=0 in F2(A /A ), thus F2(A ) = 0. 



Cases e > k — A. We have that every 2-cycle fi in homologous to a 2-cycle jl in F (Ah) by 

Lemma m. Since H2{F^{Ab)) = (because i?2(A6) = 0), we have that [p] = in H2{F^{Ab)) = 0. 
But in these cases we have not the inclusion F'^{Ab) C A a \ , thus we may not conclude at once. 



Since H2{F^{Ab)) = 0, there exists a 3-chain in F^{Ab) s.t. du = ji. We have that sp{v) = UjFj, 
-Fj tetrahedrons in F^{Ab). Consider a 3-chain ip in A /a whose support is Uj-Fj, where -Fj is a cone 



C ™ border of Fj (there exists by Remark p~5|) , in such way that dip = jj; thus [/i] = in 
H2{A^\^ ), thus [fj] = in H2{A^\^ ). Then we may conclude that H2{A^\^ ) = 0. 

Q.e.d. in Theorem^ 



3 Proof of Proposition [7| 

Let X and Y be two projective varieties and L a line bundle on X and M a line bundle on Y. 
Let {(To, be a basis of H^{X,L) and let {sq, be a basis of H^{Y,M); we can suppose 

3y £ Y s.t. so(y) 7^ Oi •5i(y) = for j / 0; let tj^j be the coordinates corresponding to {ai Sj}ij 
of the embedding of X x y by n^L ^ VTyM (where n. is the projection on •) and let ti be the 
coordinates corresponding to {(Tq, ...,0"^} of the embedding of X by L. 

Remark 20 By setting tij = for j ^ in an equation of X x Y and then taking off the last 
index (aO) of each variable, we get an equation of X (to prove this, use y). 



Remark 21 Let M he a graded module on C[xi, with a minimal set of generators of degree 

s; then a subset of elements of degree s of M can be extended to a minimal set of generators if and 
only if these elements are linearly independent on C. 
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Proof of Proposition j^. Suppose L satisfies Property Np^i but not Np. We want to show 
vr^L <S) TTyM does not satisfy Property Np] we can suppose i^xL ® -KyM satisfies Property Np^i. 
Let Im and Qm be the ranks of the m-module of a minimal free graded resolution respectively of 
G{L) and of G(7r^L (g) vTyM). Let {5™}j=i,...,i„, be a minimal set of generators of the m-module 
Em of a minimal resolution, ... ^ — ^ E^-i ■■■■ Eq ^ G{L) 0, of G{L). 
Since L satisfies Property A'p_i but not Np, there exists a syzygy 5 of (fff""^, s.t. 5 is not 

generated by linear syzygies of (^i^^, Add a to the indices of the variables appearing in 

5* and call S the so obtained vector of polynomials; let S' = {S, 0, 0) with repeated qp~i — Ip^i 
times. 

Obviously by adding a to the indices of each variable appearing in the equations of X, we get 
equations of X x y and by adding a to the indices of every variable appearing in the syzygies of 
X we get syzygies of X x y. 

Add a to the indices of the variables appearing in and call g'J^ the so obtained vector of 
polynomials for j = l,...,lm] set fj = for j = and /™ = (^J*, 0, 0) (0 repeated 

Qm-i — Im-i times) for j = 1, 1^ and 2 < m < p — 1; fj^ for j = 1, are vectors of linear 
polynomials for 2 < m < p — 1 and they are quadratic if m = 1, thus, by induction on m and by 



Remark 21, one can extends this set to a minimal set of generators {/J^}j=i,...,g„, of the m-module 
of a minimal resolution of G{t^\L (8) TTyM) for m < p — 1 (we recall that we supposed vr^-L (8) iTyM 
satisfies Property A'p_i); we can do it in such way that, when we set tij = for j ^ 0, we have that 
fj is zero for j = /i + l, qi and the r-th coordinate of /j" is zero for r < Im-i and j = + 1 



(we can prove this by induction on m, by using Remark 2C for the case m = 1: it is sufficient to 



subtract linear combination of /j" for j = 1, to /j" foi j = Im + ^, ■■■,qm)- 
Obviously S' is a syzygy of (/f"\ f^~_\)- 

If Tr'^L^TTyM satisfies Property Np then S' would be generated by linear syzygies of {fi ^^, fqp\)- 
We state that S' cannot be generated by linear syzygies of (/f"""^, In fact, if it were, say 

S' = 'S'q {Sa linear syzygies of {fi~^ fq~\))i we set tjj = for j 7^ in each member of 
the equality S' = Sa and, by taking off the last index (a 0) of every variable and considering 
only the first Ip-i coordinates of S and Sa, one would obtain that S would be generated by linear 
syzygies of {gi~ , ...,g^~_^) (observe that by setting tjj = for j 7^ in Sa and taking the first 
coordinates, we get a syzygy of (/f"\ fi~_\))- 

But S cannot be generated by linear syzygies by assumption. Q.e.d. 



By using the program Macaulay [ B-S | one can check that Opixpixpill) li 1) does not satisfy 



Property ^4, precisely the resolution, with the notation of Introduction, is: 

^ S{-6) S{-Af S{-3)^^ S{-2f ^ S ^G^O. 

Prom this and from Prop. ^ we deduce that Opix...xpi(l; •••) 1) {d times) does not satisfy Property 
iV4 for d > 3. By using also Gallego-Purnapranja's Theorem^ we deduce that, if ai,...,ad are 
integer numbers with ai < 02 < ... < and oi = .... = = 1, the line bundle C'pix...xpi (ai) •••> Orf) 
does not satisfy Property N4 if k > 3 and it does not satisfy Property A'^2afe+i+2afc+2-2 if d — A; > 2. 
With the same argument as in Remark in Section 2 of part II of [Grl-2] we deduce Corollary 
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